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Cutting a Bunch of Grapes by a Plane
HIROSHI MAEHARA AND AI OSHIRO
LetDn denote a family of disjoint n disks in the plane. The max–min ratio λ ofDn is the ratio (the
maximum radius)/(the minimum radius) among the disks in Dn . We prove that (1) If log λ = o(n),
then there is a line both sides of which contain n/2 − o(n) intact disks (such a line is called an
almost-halving line), (2) for any constant c > 0, there is a family of disjoint n disks with log λ = cn
that has no almost-halving line. The max–min ratio λ of a family Bn of disjoint n balls in R3 is
defined similarly. We also prove that (3) for any n ≥ 3, there is a family of disjoint n balls in R3
such that every plane H in R3 has a side that contains at most 2 intact balls of the family, and (4) if
log λ = o((n/ log n)1/3) for a family Bn of n disjoint balls in R3, then there is a plane both sides of
which contain n/2− o(n) intact balls of Bn .
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1. INTRODUCTION
Problems concerning hyperplanes bisecting a given finite point-set in Euclidean space Rd
have been studied with some interest (e.g., [2–5, 8]). For a point-set S ⊂ R3, a plane spanned
by a subset of S is called a halving plane if it dissects S into two parts of equal cardinality. It
was proved in [2] that if S is an n-point-set in general position, then the number of halving
planes is at most O(n2.998). This result was improved to O(n8/3) in [3], and the best current
result is O(n5/2) [8]. Kupitz [4] proved that if a point-set S ⊂ R3 spans R3 and #S > 4k,
then there is a plane H spanned by a subset of S such that either open side of H contains at
least k points of S, and the condition #S > 4k cannot be relaxed generally.
Problems on cutting a family of disjoint disks in R2 by a line were considered in [1]. LetDn
denote a family of mutually non-overlapping n disks and L be a line in the plane. The line L
may cut several disks in Dn . A disk not cut by L is called an intact disk. Let a be the number
of intact disks contained in one side of L , b be the number in the other side of L , and put
f (L ,Dn) = min{a, b}.
It was proved in [1] that if the disks in Dn are all of the same size then there is a line L such
that f (L ,Dn) = n/2− o(n) (more precisely, [1] proves that f (L ,Dn) ≥ n/2− c
√
n log n).
In this result, o(n) cannot be replaced with a constant as seen from Figure 1.
Let us call a line L an almost-halving line of Dn if f (L ,Dn) = n/2 − o(n). Thus if the
disks in Dn are all of the same size, Dn has an almost-halving line. On the other hand, it was
proved in [6] that there is a family Dn of n disks of different sizes such that for every line L
f (L ,Dn) ≤ 1.
Among the radii of disks inDn , let rmax, rmin denote the maximum radius and the minimum
radius, respectively. The ratio λ = rmax/rmin is called the max–min ratio of Dn . In this paper,
we prove the following.
THEOREM 1. If log λ = o(n) for a Dn , then Dn has an almost-halving line.
THEOREM 2. For any constant c > 0, there is a Dn with log λ = cn that has no almost-
halving line.
THEOREM 3. For any n ≥ 3, there is a family Bn of n disjoint balls in R3 such that every
plane H has a side that contains at most two intact balls of Bn .
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∀L , f (L ,Dn) ≤ n/2− b√n/4c.
FIGURE 1. A family Dn of n unit disks.
REMARK. Similarly, we can prove that for any d ≥ 3 and for any n ≥ d , there is a family of
n disjoint d-dimensional balls in Rd such that every hyperplane in Rd has a side that contains
at most d − 1 intact balls of the family.
For a familyBn of non-overlapping n balls in R3, the max–min ratio λ is defined similarly. A
plane H is called an almost-halving plane of Bn if either side of H contains at least n/2−o(n)
intact balls of Bn . We also prove the following.
THEOREM 4. Let Bn denote a family of non-overlapping n balls in R3. If log λ =
o((n/ log n)1/3), then Bn has an almost-halving plane.
In every bunch of grapes in the three-dimensional space, we may assume that the max–min
ratio is bounded by a constant. Hence any bunch of grapes has an almost-halving plane, that
is, any bunch of grapes can be almost halved in number with just one stroke of a knife without
spoiling too many grapes.
2. PROOF OF THEOREM 1
We use the following lemma, which is the two-dimensional case of [7, Lemma 4].
LEMMA 1. Let Dn be a family of n disjoint disks in the plane, and let L1, L2 be two lines
intersecting with angle 2θ . Then the number of disks that intersect both lines L1, L2 is at most
O((1+ log λ)/θ).
Let us call a line L a center-halving line of Dn if either side of L contains at least n/2
centers of the disks in Dn , provided that the centers lying on the line L are counted in both
sides. Note that for any line, there is a center-halving line of Dn parallel to the given line.
Now, suppose thatDn (n = 1, 2, 3, . . .) satisfy that log λ = o(n). Let us prove the following
assertion. For any ε > 0, there is an n0 = n0(ε) such that every Dn, n > n0, has a center-
halving line L with f (L ,Dn) ≥ n/2− εn.
Let k be the smallest positive integer greater than 1/ε and let 2θ = pi/2k. For each
i = 1, 2, . . . , 2k, let L i be a center-halving line of Dn with slope tan 2iθ . If i 6= j then
the angle determined by L i , L j is 2|i − j |θ ≥ 2θ . Hence, by Lemma 1, the number mi j of
disks cut by both L i , L j is at most O((1 + log λ)/θ); that is, mi j = o(n). Hence there is an
n0 such that if n > n0, then
∑
1≤i< j≤2k mi j < kεn. Let ξi (n) be the number of disks in Dn
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that intersect the line L i , and let ξ(n) = mini ξi (n). Thus, if n > n0 then the total number of
disks that are cut by at least one L i is at least∑
i
ξi (n)−
∑
1≤i< j≤2k
mi j ≥ 2kξ(n)− kεn.
This must be less than or equal to n. Hence ξ(n) ≤ n/(2k) + (ε/2)n < εn. Thus there is
a center-halving line L i that cut less than εn disks. For this line L i , we have f (L i ,Dn) ≥
n/2− εn, which proves the assertion.
3. PROOF OF THEOREM 2
The following lemma is proved in [7].
LEMMA 2. In the plane, let Di (i = 1, 2, . . . ,m) be mutually non-overlapping disks
inscribed in an angular region with angle 2θ (< pi) in such a way that Di is tangent to Di+1
for i = 1, 2, . . . ,m − 1. Let ri be the radius of Di , and suppose that r1 < r2 < · · · < rm .
Then
rm
r1
=
(
1+ sin θ
1− sin θ
)m−1
.
Now, Theorem 2 follows at once from the next lemma.
LEMMA 3. For any constant c > 0 and any integer n > 0, there is a Dn with log λ = cn
such that f (L ,Dn) < bk/2−1c(n/k)+bk/2c−1 holds for every line L and for every integer
k ≥ 4 satisfying
1
k
log
(
1+ sin(pi/k)
1− sin(pi/k)
)
< c. (1)
PROOF. Denote the LHS of (1) by α(k). Suppose that k ≥ 4 satisfies (1) and let m = dn/ke.
Then n = mk − l (0 ≤ l < k). Let −−→P Qi , i = 0, 1, 2, . . . , k − 1, be k rays such that
∠Qi P Qi+1 = 2pi/k, where the indices are taken mod k. Choose a sufficiently small ε > 0,
and for each i = 0, 1, 2, . . . , k−1, let D(i)1 , D(i)2 , . . . , D(i)m be the sequence of non-overlapping
disks with radii 1 + iε = r (i)1 < r (i)2 < · · · < r (i)m , respectively, such that (a) each D(i)j is
inscribed in ∠Qi P Qi+1 and (b) two consecutive disks are tangent to each other. Then by
Lemma 2,
log
(
r
(k−1)
m
r
(k−1)
1
)
= (m − 1) log
(
1+ sin(pi/k)
1− sin(pi/k)
)
<
n
k
log
(
1+ sin(pi/k)
1− sin(pi/k)
)
< α(k)n.
Hence r (k−1)m < r (k−1)1 eα(k)n = (1 + (k − 1)ε)eα(k)n . Since α(k) < c, we can choose
ε > 0 so that r (k−1)m ≤ ecn , and two disks with different superscript indices are not tangent
to each other. If r (k−1)m < ecn then replace D(k−1)m by a disk with radius ecn inscribed in
∠Qk−1 P Q0. (Then D(k−1)m becomes not tangent to D(k−1)m−1 .) If l > 0, then remove the l disks
D(i)m (i = 0, 1, . . . , l − 1). Then we have a family of non-overlapping n disks with max–
min ratio ecn . Finally, for each i = 0, 1, 2, . . . , k − 1, slide the m disks D(i)1 , D(i)2 , . . . , D(i)m
simultaneously toward O through a small distance δ > 0 so that the interiors of all these
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disks intersect both rays −−→P Qi ,−−−−→P Qi+1. If δ > 0 is very small, then we still have a family of
non-overlapping n disks, and this is the family Dn we desired. Note that now every ray −−→P Qi
intersects at least 2(m − 1) disks of Dn .
Let L be an arbitrary line, and let L0 be the line passing through P and parallel to L . Then
f (L ,Dn) ≤ f (L0,Dn).
(Note that if k = 3 and L 6= L0, then it is possible that between the two sides of L , the
side containing the origin contains the smaller number of intact disks. This is not possible for
k ≥ 4, that is why we assume k ≥ 4.) If L0 coincides with some line P Qi then L0 cuts at
least 3(m − 1) disks, and if L0 is different from all P Qi (i = 0, 1, . . . , k − 1) then L0 cuts at
least two angular regions. Hence
f (L0,Dn) ≤ b(k − 2)/2cm = bk/2− 1c(n + l)/k
< bk/2− 1c(n/k)+ bk/2− 1c.
Hence f (L ,Dn) < bk/2− 1c(n/k)+ bk/2− 1c. 2
The value of the LHS of (1) for k = 5 is 0.2697 . . . . Hence we have the following.
COROLLARY 1. If c > 0.27, then for any n there is a Dn with log λ = cn such that
f (L ,Dn) < n/5+ 1 holds for every line L.
4. PROOF OF THEOREM 3
The next lemma will be clear.
LEMMA 4. Let B be a finite family of disjoint balls in R3. Then for any right circular cone,
there is a ball inscribed in this cone that intersects no balls in B.
For i = 1, 2, 3, . . . , n, let θi = ipi/n and let
Eai =
(
1√
2
,
cos θi√
2
,
sin θi√
2
)
.
Note that every Eai is a unit vector, and for any i < j < k, the three vectors Eai , Ea j , Eak are
linearly independent. For 0 ≤ i < j < k ≤ n and a unit vector Eu, define f (i, j, k, Eu) by
f (i, j, k, Eu) = max{|Eu · Eai |, |Eu · Ea j |, |Eu · Eak |},
where · denotes the inner product. Then, since Eai , Ea j , Eak are linearly independent, we have
f (i, j, k, Eu) > 0. Let
g(i, j, k) = min
Eu
f (i, j, k, Eu).
(Since the set (of the end points) of unit vectors in R3 is compact, g(i, j, k) exists.) Finally,
let
g0 = min
1≤i< j<k≤n g(i, j, k).
Then g0 > 0. For 1 ≤ i ≤ n, define an open cone 3i by
3i =
{
Ex ∈ R3
∣∣∣∣ Ex 6= O and Ex · a¯i||Ex ||
〉
g0
2
}
.
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We claim that if a line L passes through the origin, then L intersect at least n−2 of the3i s.
To see this, let Eu be a unit vector lying on L , and suppose that, say, |Eu · Ea1| < g0, |Eu · Ea2| < g0.
Then, since f (1, 2, k, Eu) ≥ g0 for any k > 2, we have |Eu · Eak | > g0/2. Hence, at least n − 2
of the Eai s satisfy that |Eu · Eai | > g0/2. Therefore, L intersects at least n − 2 open cones 3i .
Let ϕ : R3 → R3 denote the map defined by ϕ(Ex) = −Ex , and let m = bn/2c. Now, we
choose balls Bi , i = 1, 2, 3, . . . , n, in the following way:
(1) B1 is a ball inscribed in the closed cone 31 (the closure of 31).
(2) B2 is a ball inscribed in 32 and disjoint from B1, ϕ(B1).
(3) B3 is a ball inscribed in 33 and disjoint from Bi , ϕ(Bi ) (i = 1, 2).
(4) B4 is a ball inscribed in 34 and disjoint from Bi , ϕ(Bi ) (i = 1, 2, 3).
(5) Repeat the same process until Bm .
Such balls Bi , i = 1, 2, 3, . . . , n, indeed exist by Lemma 4. If n = 2m + 1 then let B0 be
a ball centered at the origin and disjoint from all Bi , ϕ(Bi ) (i = 1, 2, . . . ,m). Let Bn be the
family of these n balls. Then, for any unit vector Eu, the line passing through the origin with
direction Eu intersects at least n − 2 open cones 3i , and hence the line misses at most two of
B1, B2, . . . , Bm . Therefore the line misses at most four balls of Bn .
Now, let H be an arbitrary plane in R3, and let H0 be the plane parallel to H through the
origin. If each side of H contains three intact balls, then, since the family Bn is symmetric
with respect to the origin, both sides of H0 contain together at least six intact balls. Hence a
line passing through the origin and lying in H0 misses six balls of Bn , a contradiction.
5. PROOF OF THEOREM 4
LEMMA 5. Let P, Q1, Q2 be three non-collinear points in the plane, and let ∠Q1 P Q2 =
2θ . Then for any λ ≥ 1 there is a finite point-set S such that
(1) #S ≤ (6+ log λ)/θ + 12 and
(2) every disk D of radius r (1 ≤ r ≤ λ) intersecting both rays −−→P Q1,−−→P Q2 contains at
least one point of S.
PROOF. Let Di (i = 1, 2, . . . ,m+1) be the non-overlapping disks with radii ri , r1 = 1 <
r2 < · · · < rm+1, inscribed in the angular region ∠Q1 P Q2 such that (1) Di is tangent to
Di+1 for i = 1, 2, . . . ,m, and (2) rm ≤ λ < rm + 1.
Let Zi be the center of Di for i = 1, 2, . . . ,m+ 1 and let X i be the contact point of Di and
Di+1 for 1 = 1, 2, . . . ,m. Let S1 be the set of 2m+1 points Z1, Z2, . . . , Zm+1, X1, . . . , Xm .
Let  be the set of points within unit distance from the line-segment P Z1, and let S2 be the
maximal (with respect to containment) subset of  such that the distance between any two
points in S2 is at least 1. Put S = S1 ∪ S2. We show that this is the desired set.
Let D be a disk with radius r (1 ≤ r ≤ λ) that intersects both rays −−→P Q1,−−→P Q2. Then D
clearly intersects the ray −−→P Z1.
First we prove that D ∩ S 6= ∅. The proof is divided into two cases (i) and (ii).
(i) The case where D does not intersect the line-segment P Z1.
Since D contains a disk D′ inscribed in ∠Q1 P Q2 whose radius is between unity and λ, it is
clear that D ∩ S1 6= ∅.
(ii) The case where D intersects the line-segment P Z1.
Then D contains a disk D′ of unit radius that intersects the line-segment P Z1. If D′∩ S2 = ∅,
then by adding the center of D′ to S2 we obtain a larger point-set, which contradicts the
maximality of S2. Hence D′ ∩ S2 6= ∅, and hence D ∩ S2 6= ∅.
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Now, we estimate the number of points in S = S1 ∪ S2. Since rm ≤ λ, it follows from
Lemma 2 that
(m − 1) ≤ log λ
log(1+ sin θ)− log(1− sin θ) .
Since log(1 + sin θ) − log(1 − sin θ) > 2θ for 0 < θ < pi/2, we have 2m + 1 = #S1 <
log λ/θ+3. Let′ be the set of those points that lie within 3/2 distance from the line-segment
P Z1. Then it is not difficult to see that #S2 is equal to the maximum number of disks of radius
1/2 that can be packed in′. Since the length of the segment P Z1 is 1/ sin θ , the area of′ is
3/ sin θ+pi(3/2)2. Therefore, #S2 ≤ area(′)/(pi/4) = 12/(pi sin θ)+9. Since sin θ > 2θ/pi
for 0 < θ < pi/2, we have #S2 < 6/θ + 9. Thus, #S = (6+ log λ)/θ + 12. 2
LEMMA 6. Let L1, L2 be two lines intersecting with angle 2θ(≤ pi/2). Then for any Dn
with max–min ratio λ, there is a finite point-set S such that
(1) #S ≤ 4(6+ log λ)/θ + 48, and
(2) every disk D ∈ Dn intersecting both lines L1, L2 contains at least one point of S.
PROOF. We may suppose that the smallest disk inDn has radius 1. Let P be the intersection
of L1, L2. Then the two lines are divided into four rays emanating from P , and the plane is
divided into four angular regions with angles 2θ or pi − 2θ . By Lemma 5, for either angular
region of angle 2θ , there is a finite point-set of cardinality (6+ log λ)/θ + 12 such that every
disk intersecting both boundary rays of the angle contains at least one point of this point-set.
Similarly, for either angular region of angle pi − 2θ , there is a finite point-set of cardinality
(6 + log λ)/(pi/2 − θ) + 12 with the same property. Since θ ≤ pi/2 − θ , there is a point-set
of cardinality
4(6+ log λ)/θ + 48
such that every disk in Dn intersecting the both lines contains at least one point of this point-
set. 2
We also use the following theorem that is proved in [7].
THEOREM. For any family Bn of disjoint balls in R3, there is a unit vector Eu such that
every line parallel to Eu intersects at most O(√(1+ log λ)n log n) balls in Bn .
PROOF OF THEOREM 4. We may assume that the smallest ball of Bn has radius 1. Let us
call a plane H a center-halving plane of Bn if either side of H contains at least n/2 centers of
the balls in Bn , provided that the centers lying on the plane H are counted in both sides. Note
that for any plane, there is a center-halving plane of Bn parallel to the given plane.
Now, suppose that Bn (n = 1, 2, . . .) satisfy that log λ = o((n/ log n)1/3). Let us prove the
following assertion: For any ε > 0, there is an n0 = n0(ε) such that every Bn, n > n0, has a
center-halving plane H whose both sides contain at least n/2− εn intact balls.
By the above theorem, we may suppose that every line parallel to the z-axis intersects at
most O(
√
(1+ log λ)n log n) balls in Bn . Let k be the smallest positive integer greater than
1/ε and let 2θ = pi/2k. For each i = 1, 2, . . . , 2k, let Hi be a center-halving plane of Bn with
equation
(tan 2iθ)x − y + ci = 0.
Let ψ denote the orthogonal projection of R3 onto the xy-plane, and let L i = ψ(Hi ). Then
the angle determined by L i , L j (i 6= j) is 2|i − j |θ ≥ 2θ . If a ball B intersects both planes
Hi , H j , then the disk ψ(B) intersects both lines L i , L j . Hence, by Lemma 6, there is a finite
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point-set S on the xy-plane consisting of at most 4(6+ log λ)/θ+48 points such that for every
ball B intersecting the both planes Hi , H j , the disk ψ(B) contains at least one point of S. In
other words, if a ball B intersects both planes Hi , H j , then a vertical line passing through a
point of S pierces B. Thus, those balls that intersect both planes Hi , H j are all pierced by at
least one vertical line passing through a point of S. Since each vertical line pierces at most
O(
√
(1+ log λ)n log n) balls in Bn , the number of balls mi j that intersect both planes Hi , H j
is at most
O
(√
(1+ log λ)n log n)(4(6+ log λ)/θ + 48) = O((1+ log λ)3/2√n log n).
Since log λ = o((n/ log n)1/3), we have O((1 + log λ)3/2√n log n) = o(n). Hence mi j =
o(n), and hence there is an n0 such that if n > n0, then
∑
1≤i< j≤2k mi j < kεn. Let ξi (n) be
the number of balls in Bn that intersect Hi , and let ξ(n) = mini ξi (n). Then, if n > n0, the
total number of balls that are cut by at least one Hi is greater than
2k∑
i=1
ξi (n)−
∑
1≤i< j≤2k
mi j ≥ 2kξ(n)− kεn.
This must be less than or equal to n. Hence ξ(n) ≤ n/(2k) + (ε/2)n < εn. Thus there is a
center-halving plane Hi that cuts less than εn balls. Both sides of this plane Hi contain at least
n/2− εn intact balls, which proves the assertion.
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